ABSTRACT. Let S = (a1) · · · (a k ) be a minimal zero-sum sequence over a finite cyclic group G. The index conjecture states that if k = 4 and gcd(|G|, 6) = 1, then S has index 1. In this note we study the index conjecture and connect it to a Dedekind-type sum. In particular we reprove a special case of the conjecture when |G| is prime.
INTRODUCTION
Throughout this paper let G be a finite cyclic group of order n, written additively. By a sequence S of length k over G we mean a sequence with k elements, each of which is in G. We write (a 1 ) · · · (a k ) for such a sequence, rather than a 1 , . . . , a k . A sequence S is said to be a zero-sum sequence if i a i = 0. It is a minimal zero-sum sequence if it is a zero-sum sequence but no proper nontrivial subsequence of it is. Given any g a generator of G, we can write S = (x 1 g) · · · (x k g) for some natural numbers x 1 , . . . , x k , where by x i g we mean the sum g + g + · · · + g with x i terms. We also require the following definition. Definition 1.1. For a sequence over G S = (x 1 g) · · · (x k g), where 1 ≤ x 1 , ..., x k ≤ n , define the g-norm of S to be
where the minimum is taken over all generators g of G.
The index of a sequence is a crucial invariant in the theory of zero-sum sequences over cyclic groups. It was introduced by Kleitman and Lemke [8] and then became an important tool in the study of zero-sum sequences and related topics (see, for example, Geroldinger [3] and Gao [2] ). An important question is to determine the pairs (k, n) for which every minimal zero-sum sequence S of length k over G has index 1.
The cases k = 4 or gcd(n, 6) = 1 have been settled (see [4] , [11] , [13] , [19] ). Hence, the only remaining case is when k = 4 and, at the same time, gcd(n, 6) = 1. The following conjecture is widely held.
Conjecture 1.
Let G be a finite cyclic group such that gcd(|G|, 6) = 1. Then every minimal zero-sum sequence S over G of length 4 has ind(S) = 1.
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Remark 1.
One can show that, for a minimal zero-sum sequence S of length 4 over G, we have either ind(S) = 1 or ind(S) = 2, and moreover, ind(S) = 2 if and only if S g = 2 for all generators g of G.
This is because for such S we have by definition that S g is equal to 1, 2, or 3; but if S g = 3 for some generator g, then it is easy to see that S −g = 1, where −g is also a generator.
In [10] , Y. Li et al. proved that Conjecture 1 is true for when n is a prime power. Later it was proved for the case when n has two distinct prime factors (see [9] and [18] ). We also have the following contribution of Shen, Xia and Li [15] .
) be a minimal zero-sum sequence over G, where gcd(n, x 1 , x 2 , x 3 , x 4 ) = 1, and for
The purpose of this paper is to give a new proof of Conjecture 1 in the case when n is a prime and at the same time to point out a connection between the conjecture and the theory of Dedekind sums.
Recall that the classical Dedekind sum s(h, k), where k ≥ 1 and gcd(h, k) = 1, is defined as
This has various natural generalizations (for example, see [20] and [12] ). Here we shall consider another Dedekind-type sum. For k ≥ 1 and gcd(h, k) = 1 let
Clearly t(h, k) can be expressed in terms of classical Dedekind sums using Möbius convolution. In this note we connect the index conjecture with t(h, k).
Theorem 3. (i) Suppose that n is the smallest integer for which Conjecture 1 fails. Let
be a minimal zero-sum sequence over G ∼ = Z/n with ind(S) = 2. Then we have gcd(n, x i ) = 1 for all i.
(ii) Let n be a positive integer for which Conjecture 1 fails, and let S = (x 1 )(x 2 )(x 3 )(x 4 ) be a minimal zero-sum sequence over Z/n with ind(S) = 2. If gcd(n, x i ) = 1 for all i, then we have
for any permutation σ of {1, 2, 3, 4}, where x denotes the inverse of x in the multiplicative group (Z/n) * .
Corollary 4. Conjecture 1 is true if G has prime order.

PROOF OF THEOREM 3 AND COROLLARY 4
For integers x and y > 0, let (x) y denote the least nonnegative residue of x mod y. For z ∈ Z/y, we may view z as an integer and define (z) y similarly.
Lemma 5. Let S = (x 1 )(x 2 )(x 3 )(x 4 ) be a sequence over G = Z/n. Given any generator g in G, write S = (y 1 g)(y 2 g)(y 3 g)(y 4 g) for 1 ≤ y i ≤ n. Then we have y i = (g −1 x i ) n for i = 1, ..., 4, where g −1 is the inverse of g in the multiplicative group (Z/n) * .
Proof. For any i = 1, ..., 4, we have
Proof of Theorem 3: (i) Suppose that n is the smallest positive integer for which Conjecture 1 fails, and
is a minimal zero-sum sequence over Z/n with ind(S)=2. In view of Theorem 2 we know that either gcd(n, x 1 , x 2 , x 3 , x 4 ) > 1, or gcd(n, x i ) = 1 for all i. We will show that the first case does not happen.
Suppose that gcd(n, x 1 , x 2 , x 3 , x 4 ) = d > 1. Let m = n/d, and consider S ′ = (
It is easy to check that S ′ is a minimal zero-sum sequence. We will show that ind(S ′ ) = 2, so that Conjecture 1 fails for m. This contradicts the assumption that n = md is the smallest integer for which Conjecture 1 fails.
By Remark 1, to prove ind(S ′ ) = 2 it suffices to show that for every h ∈ (Z/m) * , we have S ′ h = 2. By Lemma 5 and the definition of S ′ h , this is nothing but
this last assertion is guaranteed by Remark 1 and the assumption that ind(S) = 2.
It now follows that we have gcd(n, x 1 , x 2 , x 3 , x 4 ) = 1, and thus gcd(n, x i ) = 1 for all i by Theorem 2. This proves part (i).
(ii) Consider the sum
By multiplying out the product, we see that
Recall that gcd(n, x i ) = 1 for all i ∈ [1, 4] . Therefore, for any i, j ∈ [1, 4] and any integer k,
Hence we see that
On the other hand, since ind(S) = 2, by Remark 1 and Lemma 5 we have
(gx i ) n = 2n for all g coprime to n. It then follows from equation (2) that
and, in view of (3), this is
Combining this with (4) we obtain that
or equivalently,
Recall that
Hence, by (6) we see that t(x 2 x 4 , n) = t(x 1 x 3 , n), and equation (1) follows by the symmetry of x i 's. This completes the proof of Theorem 3.
To prove Corollary 4 we require the following lemma on Dedekind sums.
Proof. This is Corollary 1.2 in [7] , but we sketch the proof for completeness. The equality s(h 1 , k) = s(h 2 , k) implies that 12ks(h 1 , k) ≡ 12ks(h 2 , k) (mod k). From the well-known reciprocity law for Dedekind sums (see Chapter 3 of [1] , for example), it is not hard to derive that 12ks(h, k) ≡ h + h (mod k). The result then follows by a straightforward computation.
Proof of Corollary 4:
Let n = p be a prime, and let S = (x 1 ) · · · (x 4 ) be a minimal zero-sum sequence over Z/p. Suppose that ind(S) = 2. By Theorem 3 we have t(x 2 x 4 , p) = t(x 1 x 3 , p), or equivalently,
Since s(x 2 x 4 , p) = s(x 1 x 3 , p), by the above lemma we see that
Without loss of generality, suppose that x 2 x 4 ≡ x 1 x 3 (mod p). Then we have
Hence, we have p | x 2 + x 1 or p | x 2 + x 4 , both of which contradicts the fact that S is a minimal zero-sum sequence over Z/p. This completes our proof of Corollary 4.
FURTHER DISCUSSION
An interesting and natural question about Dedekind sums is: for which h 1 , h 2 and k do we have
(For example, this question arises in connection with the Heegaard Floer Homology [6] .) A similar question is to determine when we have t(h 1 , k) = t(h 2 , k). This is also interesting in view of Theorem 3. Unfortunately, for now we are unable to answer either of these two questions. (See also [7] , [5] and [16] .)
We end our note by the following remark. According to Theorem 3, a possible way to prove the index conjecture is to show that there exists at least one permutation σ of {1, 2, 3, 4} for which equation (1) does not hold. Note that for a given n and minimal zero-sum sequence S = (x 1 )(x 2 )(x 3 )(x 4 ) it is not necessarily the case that (1) will hold for no permutation of {1, 2, 3, 4}. For example, if n = 25, x 1 = 18, x 2 = 4, x 3 = 2 and x 4 = 1, then we have ind(S) = 1, so Conjecture 1 is true. However, t(x 2 x 4 , n) = t(x 1 x 3 , n), but t(x 2 x 1 , n) = t(x 4 x 3 , n).
